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I N T R O D U C T I O N  

The C I N D A *  SCRPFA s u b r o u t i n e ,  which c a l c u l a t e s  
" s c r i p t  F", i s  i m p o r t a n t  because  o f  i t s  d i r e c t  a p p l i c a b i l i t y  
t o  many r a d i a n t  h e a t  t r a n s f e r  problems and p a r t i c u l a r l y  i n t e r -  
e s t i n g  because  of  i t s  t h e o r e t i c a l  basis.  S u b r o u t i n e  d e s c r i p -  
t i o n s  i n  t h e  C I N D A  3 G  manual a re  n e c e s s a r i l y  b r i e f  s i n c e  t h e r e  
a r e  o v e r  300 s u b r o u t i n e s  l i s t e d .  T h e r e f o r e ,  SCRPFA o p e r a t i o n  
and usage a r e  d e s c r i b e d  i n  some d e t a i l  i n  S e c t i o n  I and a sam- 
p l e  problem i s  i n c l u d e d  i n  S e c t i o n  11. I n  a d d i t i o n ,  p e r t i n e n t  
t h e o r e t i c a l  a s p e c t s ,  comple te ly  m i s s i n g  i n  t h e  manual d e s c r i p -  
t i o n ,  are p r e s e n t e d  i n  S e c t i o n  111. 

I. GENERAL DESCRIPTION OF THE SUBROUTINE 

SCRPFA ( C I N D A  - 3 G  Manual, p .  6 . 6 . 3 )  computes,  f o r  a 
g r a y  body enc losu re**  c o n s i s t i n g  o f  N i s o t h e r m a l  s u r f a c e s ,  t h e  
p r o d u c t  oAiFij  where o i s  any f i x e d  number s p e c i f i e d  by t h e  
u s e r  ( u s u a l l y  1 . 0  or t h e  Stefan-Boltzmann c o n s t a n t ) ;  Ai i s  t h e  
area of  s u r f a c e  i ,  and F i j  , r e f e r r e d  t o  as " s c r i p t  F," i s  t h e  
f r a c t i o n  of  t h e  r a d i a n t  energy t r a n s f e r  from s u r f a c e  i t h a t  i s  
a d s o r b e d  a t  s u r f a c e  j .  (For a more r i g o r o u s  d e f i n i t i o n  o f  F 
see Eq. 3 under  Theory . )  I n  a d d i t i o n  t o  o ,  t h e  s u r f a c e  areas 
Ai ,  e m i s s i v i t i e s  c i  and geomet r i c  view f a c t o r s  F 

s p e c i f i e d  b e f o r e  u s i n g  SCRPFA. 

i j  ' 
must be  

i j  

C a p a c i t y  

A maximum of  "approximate ly"  300  s u r f a c e s  can  be  
c o n s i d e r e d  on t h e  U N I V A C  1 1 0 8  ( C I N D A - 3 G  Manual, p . 6 . 6 . 2 ) .  

* C I N D A  - The " C h r y s l e r  Improved Numerical  D i f f e r e n c e  Analyzer"  
computer  program now i n  u s e  by t h e  Department 1 0 2 2  Thermal Systems 
Group. The c u r r e n t  " 3 G "  v e r s i o n  i s  w r i t t e n  f o r  t h i r d  g e n e r a t i o n  
computers .  

**By d e f i n i t i o n ,  a ' 'gray" body a b s o r b s  a c o n s t a n t  f r a c t i o n  o f  
i n c i d e n t  t h e r m a l  r a d i a t i o n  a t  a l l  wave l e n g t h s .  The l i m i t i n g  c a s e  
is a "b lack"  body which abso rbs  a l l  o f  t h e  i n c i d e n t  t h e r m a l  r a d i -  
a t i o n .  F o r  a d d i t i o n a l  d i s c u s s i o n  see Memorandum f o r  F i l e  "Thermal 
R a d i a t i o n  Networks,  w i t h  Examples of  Lunar Ravine Heat ing" b y  
D. P .  Woodard. 
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1. 

2. 

3. 

SCRPFA checks  t h e  s i z e  of  i n p u t  data a r r a y s  based  on 
t h e  number o f  s u r f a c e s  N .  
l a r g e  or t o o  small, t h e  program p r i n t s  a message and 
s t o p s .  

If t h e  a r r a y s  are  t o o  

SCRPFA checks  " a l l o w a b l e "  e m i s s i v i t y  v a l u e s  t o  a v o i d  
d i v i d i n g  by z e r o .  If E <0.0001, t h e n  E i  i s  s e t  e q u a l  
t o  0 . 0 0 0 1 ,  and t h e  program c o n t i n u e s .  I f  ~ ~ > O . g g g g g ,  
t h e n  i s  s e t  e q u a l  t o  0 . 9 9 9 9 9 ,  and t h e  program con- 
t i n u e s .  

i 

A s  i n  o t h e r  C I N D A  s u b r o u t i n e s ,  p r i n t e d  r e s u l t s  a re  
o b t a i n e d  on ly  by c a l l i n g  a n o t h e r  s u b r o u t i n e .  The 
s u b r o u t i n e  SYMLST used  i n  t h e  sample problem i s  r eco -  
mmended. 

C a l l i n g  Sequence - SCRPFA ( A A ( I C ) ,  A E ( I C ) ,  AFA(IC), A S F A ( I C ) )  

The terms A A ( I C ) ,  A E ( I C ) ,  e t c .  a p p e a r i n p  i n  t h e  above 

They have been  employed i n  t h e  C I N D A -  
c a l l i n g  sequence ,  are  symbolic  and a c t u a l l y  are n e v e r  used  i n  
t h e + w r i t i n g  o f  problems.  
3 G  Manual t o  h e l p  t h e  u s e r  a s s o c i a t e  t h e  v a r i o u s  a r r a y s  w i t h  
t h e i r  p h y s i c a l  and ma themat i ca l  c o u n t e r p a r t s .  F o r  a n  example o f  
t h e  a c t u a l  n o t a t i o n  employed, s e e  t h e  sample problem i n  t h i s  re- 
p o r t .  

Each o f  t h e  terms i n  t h e  c a l l i n g  sequence  i s  d e f i n e d  
as f o l l o w s :  

I C  - C I N D A  c o u n t s  t h e  number o f  e l emen t s  i n  each  a r r a y  and 
these  numbers, which a re  t h e  " I n t e g e r  Counts"  
t h e n  become t h e  f i r s t  e l emen t s  i n  each  a r r a y .  
"Array Data Block,"  p .  4 . 1 0 ,  C I N D A - 3 G  Manual) .  T h i s  
o p e r a t i o n  i s  a u t o m a t i c a l l y  per formed by C I N D A  and n o t  
by t h e  u s e r .  

( I C ) ,  
(See  

AA - The areas Ai must b e  l oaded  i n t o  t h e  Area Array ( A A )  
b e f o r e  c a l l i n g  SCRPFA. F o r  t h i s  a r r a y  A A ( l ) = I C  i s  
g i v e n  t h e  v a l u e  N by C I N D A ,  and A A ( I ) = A ,  where 

I 

I = 2 , 3 ,  ..., N + 1  and i = 1 , 2 , 3 ,  ..., N .  
A i = A A ( i + l ) .  

I n  o t h e r  words,  

A E  - The e m i s s i v i t i e s  must b e  loaded  i n t o  t h e  E m i s s i v i t y  

Array ( A E )  as d a t a  b e f o r e  c a l l i n g  SCRPFA. F o r  t h i s  
a r r a y  A E ( ~ )  i s  g i v e n  t h e  v a l u e  N by C I N D A ,  and A E ( I ) = E i  
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where a g a i n  I = 2 , 3 ,  ..., N + 1  and i = 1 , 2 ,  ..., N .  

AFA- Again,  C I N D A  s e t s  AFA(l)=IC.  The second v a l u e  i n  AFA 
i s  u .  Next ,  t h e  s q u a r e  m a t r i x  d e f i n e d  by t h e  p r o d u c t s  
AiFij i s  p l a c e d  i n  AFA, a one-d imens iona l  a r r a y .  T h i s  

s t o r i n g  o f  a squa re  m a t r i x  i n  a one-d imens iona l  a r r a y  
leads to added complexi ty  i n  t h e  SCRPFA c a l c u l a t i o n s ,  
however, t h e r e  i s  a s u b s t a n t i a l  s a v i n g s  i n  s t o r a g e  
t h a t  more t h a n  compensates .  S i n c e  AiFij=A j F j i ,  o n l y  
t h e  d i a g o n a l  terms p l u s  one s e t  o f  o f f  d i a g o n a l  terms 
i n  t h e  s q u a r e  m a t r i x  need t o  be  s t o r e d .  Thus AFA i s  
termed t h e  "Half  FA" m a t r i x  a r r a y .  When l o a d i n g  t h e  

sequence  beg inn ing  w i t h  t h e  d i a g o n a l  term AiFii. 
v a l u e s ,  t h e  rows o f  t h e  m a t r i x  a re  l o a d e d  i n  

AiFi j  

ASFA- The f i n a l  r e s u l t s  crAifij c a l c u l z t e d  b y  SCRPFA are  
s t o r e d  i n  ASFA. Again,  s i n c e  A i F i j = A . F . .  a h a l f  
s q u a r e  m a t r i x  can  b e  s t o r e d  i n  a one-d imens iona l  a r ray .  
The r e s u l t s  b e g i n  w i t h  ASFA(3) e q u a l  t o  u A i F i j .  
manual ( p . 6 . 6 . 3 )  s u g g e s t s  c a l l i n g  s u b r o u t i n e  SYMLST 
to " L i s t  t h e  m a t r i x  v a l u e s  and i d e n t i f y  them by row 
and column number. " 

J J 1 '  

The 

11. SAMPLE PROBLEM 

Card D e s c r i p t i o n :  (See  Sample Data Deck) 

Cards 1 - 2 2  - The d a t a  deck .  Card 1 i s  b l a n k .  

Card 8 - Gives t h e  f i r s t  a r r a y  A 1  - hence  t h e  "1" as 
t h e  f i r s t  number l i s t e d .  T h i s  co r re sponds  
t o  A A .  

Cards 9 & 1 0  - Give t h e  second and t h i r d  arrays A 2  and 
A3 co r re spond ing  to A E  and AFA - hence  t h e  rr2" 
and "3". Note t h a t  o t h e r  numbers f o r  t h e  a r r a y s  
c o u l d  have been chosen  ( i . e . ,  A 1 0 ,  A 1 2 ,  e t c . )  

Card 1 3  - The s u b r o u t i n e  SCRPFA w i l l  be e x e c u t e d  f i r s t .  A l ,  
A 2  and A3 a r e  t h e  i n p u t  arrays l i s t e d  i n  c a r d s  
8 ,  9, and 1 0 .  The r e s u l t s  w i l l  b e  r e t u r n e d  i n  
t h e  A3 array which c a u s e s  t h e  o r i g i n a l  A 3  a r r a y  
c o n t e n t s  t o  b e  d e s t r o y e d .  ( A 3  i s  used  as b o t h  
AFA and ASFA.) 

Card 1 4  - SYMLST w i l l  b e  c a l l e d  a f t e r  SCRPFA t o  l i s t  t h e  
r e s u l t s .  A3+3 r e fe r s  t o  t h e  t h i r d  e lement  i n  t h e  
A 3  a r r a y ,  t h e  f i r s t  a c t u a l  c a l c u l a t e d  v a l u e .  
A3+1 r e f e r s  t o  t h e  f i r s t  e l emen t ,  t h e  I C  count  of 
t h e  o r i g i n a l  A3 a r r a y .  
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SAMPLE DATA DECK 

Col Col 
8 12 

Card* 

*Symbols after dollar s i g n  "$ "  are ignored by CINDA 

_ _  .. .. . 



- c\! 

Y U Y Y  

V Y Y Y  

I 

i 

! -5- 
I 

I 

I 

?. n.. 

I 



BELLCOMM, INC. - 6  - 

Other  c a r d s  i n  t h e  data deck a re  e x p l a i n e d  f u l l y  i n  t h e  
C I N D A - 3 G  Manual. 

111. THEORY 

Cons ide r  a g r a y  body e n c l o s u r e  d i v i d e d  i n t o  N 
i s o t h e r m a l  s u r f a c e s .  
f a c e  i s *  

The n e t  heat  f low Qi from t h e  i TH sur- 

A i E i  

(1) - Qi - - ( E i  - J i ) ,  i = 1, 2 ,  . . .  , N r i 

where 

= Area of s u r f a c e  i Ai 

E = E m i s s i v i t y  of  s u r f a c e  i i 

r = 1-E = R e f l e c t i v i t y  of  s u r f a c e  i ( E  = a )  i i 

4 
= aTi  = Black  body e m i s s i v e  power of  s u r f a c e  i Ei 

= " R a d i o s i t y "  of S u r f a c e  i = Sum o f  R e f l e c t e d  and 
Ji E m i t t e d  Energy. 

The  e n c l o s u r e  of  N s u r f a c e s  and t h e  modes o f  r a d i a n t  heat  t r a n s -  
f e r  between them can b e  r e p r e s e n t e d  i n  a network of  nodes and 
conduc to r s .**  
e x t r a  node, 
For example,  c o n s i d e r  t h e  n o d a l  r e p r e s e n t a t i o n  of t h e  i t h  
s u r f a c e :  

A s  i n d i c a t e d  by Eq. 1, i n  a d d i t i o n  t o  node Ei an  

t h e  r a d i o s i t y  node, Ji i s  needed f o r  each  s u r f a c e .  

* S e e ,  f o r  example,  K r e i t h ,  R a d i a t i o n  Heat T r a n s f e r ,  
S c r a n t o n ,  P a . ,  I n t .  Textbook Co. ,  1 9 6 2 ,  pp.  46  - 4 7 .  

**  Oppenheim, A .  K . ,  "Rad ia t ion  A n a l y s i s  by t h e  Network 
Method," T r a n s .  ASME, May 1956, p .  725 .  
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i t h  S u r f a c e  

where 

= Geometr ic  view f a c t o r  or shape  f a c t o r  o f  
Fij S u r f a c e  i w i t h  r e s p e c t  t o  S u r f a c e  j .  

The term AiFij can be c o n s i d e r e d  t h e  thermal  conductance  be-  

tween t h e  c o r r e s p o n d i n g  r a d i o s i t y  nodes .  S i m i l a r l y  

A i E i  
i s  t h e  t he rma l  conductance between Ei and Ji as i n d i c a -  

i r 
t e d  i n  E q .  1. 

It i s  d e s i r a b l e ,  a l though  n o t  necessary ,  t o  e l i m i n a t e  
t h e  r a d i o s i t y  nodes (J i  nodes)  s o  t h a t  energy  t r a n s f e r  between 
s u r f a c e s  (be tween E nodes )  can b e  c a l c u l a t e d  d i r e c t l y .  Define 
F s o  t h a t  
i j  

i f  

= n e t  h e a t  flow from s u r f a c e  i t o  s u r f a c e  j 'ij - 

t h e n  

= A F [Ei  - E j I .  
Q i j  i i j  ( 3 )  

T h e  term F i j  i s  " s c r i p t  F" which i s  d i s t i n c t l y  d i f f e r e n t  from 
t h e  geomet r i c  view f a c t o r  Fij. 
e n e r g y  e m i t t e d  from i t h a t  i s  d i r e c t l y  i n t e r c e p t e d  by j ,  F 
is t h e  f r a c t i o n  of energy  e m i t t e d  from i t h a t  i s  even- 
t u a l l y  abso rbed  b y  j i n c l u d i n g  ene rgy  undergoing  m u l t i p l e  
r e f l e c t i o n s  i n  t h e  e n c l o s u r e .  S i n c e  t h e  p a t h s  fo l lowed  by 
emi t t ed  energy  are  f i x e d  f o r  a g i v e n  g r a y  body e n c l o s u r e ,  FiJ  
i s  a c o n s t a n t  i ndependen t  of Ei and E 

Where Fi j  i s  t h e  f r a c t i o n  of  

i3 

3. 
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If t h e  F i j  v a l u e s  a r e  de t e rmined  f o r  any conven ien t  
s e t  of e m i s s i v e  powers ,  t hey  a re  u n i v e r s a l l y  a p p l i c a b l e .  There- 
fore l e t  

Ei = 1 (any  s u r f a c e  i )  

and 

E = 0 ,  i # j ( a l l  o t h e r  s u r f a c e s )  
j 

Then a l l  t h e  energy  e n t e r i n g  any s u r f a c e  j must come from i, 

o r  

Q j  - - Qij .  ( 4 )  

However from Eq. 1 r e w r i t t e n  f o r  t h e  energy  e n t e r i n g  s u r f a c e  j 

I 

where t h e  r a d i o s i t y  J, i s  i n t e n d e d  as a p a r t i c u l a r  v a l u e  t h a t  
J 

o n l y  h o l d s  f o r  t h e  above cho ice  of  e m i s s i v e  powers.  But b y  
d e f i n i t i o n  o f  F i j :  

Q i j  = A i F i j  ( E i  - E j )  

= A i F i j  (1-0) 

= A i F i j  

Combining e q u a t i o n s  4 ,  5 and 6 t o  s o l v e  f o r  F i j  y i e l d s  

A E  
- - J '  (i  # j )  

F i j  r j j 
( 7 )  
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7 7 

0 

0 

0 

- AiEi 

i I? 

0 

i o  

A s  n o t e d ,  Eq. 7 on ly  h o l d s  for i # j ;  f 
d i s c u s s e d  l a t e r .  

f o r  i = j w i l l  b e  
i j  

? 

j 
Befo re  employing Eq.  7 ,  t h e  v a r i o u s  v a l u e s  f o r  J 

The sum o f  t h e  energy  ( j = l ,  ... , n )  must b e  c a l c u l a t e d .  
f lows  i n t o  any r a d i o s i t y  node J i s  z e r o ,  t h e r e f o r e  w r i t i n g  an 
ene rgy  b a l a n c e  on each  node J g i v e s  N s i m u l t a n e o u s  e q u a t i o n s . *  
A f t e r  some m a n i p u l a t i o n  o f  these e q u a t i o n s  i n v o l v i n g  u s e  o f  t h e  
r e c i p r o c i t y  r e l a t i o n s h i p  (A.F 
N 

= A.F..) and t h e  i d e n t i t y  
1 i j  J J 1  

-1, t h e  f o l l o w i n g  s e t  o f  e q u a t i o n s ,  p r e s e n t e d  h e r e  i n  ma- 
1 ' Fij-  
t r i x  form, i s  o b t a i n e d :  ** 

.. 
... -AIFln A1 

1 11 r1 -A1F12 - A F  +- 

A 2  -A F +- ... -A2F2n -A2F21 2 22 r2 

-A  F ... -AiFin -AiFi 1 i i 2  

-A F - n n l  

- 1 -  

J1 

J 2  
1 

? 

Ji 

I 

Jn  

*This  i s  an a p p l i c a t i o n  of K i r c h h o f f ' s  Law. 

**A form of t h i s  e q u a t i o n  was developed  b y  Oppenheim, Op. c i t .  
p .  728. 
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Note t h a t  t h e  l e f t  column m a t r i x  has on ly  one non-zero e l e -  
ment c o r r e s p o n d i n g  t o  t h e  only non-zero e m i s s i v e  power. 

L e t t i n g  c a p i t a l  l e t t e r s  r e p r e s e n t  m a t r i c e s ,  E q .  ( 8 )  can  b e  
e x p r e s s e d  more s i m p l y  a s :  

A = S J  ( 9 )  

D e f i n i n g  t h e  i n v e r s e  S - l  of S such  t h a t  

Where I i s  t h e  i d e n t i t y  m a t r i x .  E q .  9 can b e  s o l v e d  f o r  t h e  
Thus m u l t i p l y i n g  E q .  9 r a d i o s i t y  m a t r i x  J w i t h  e l emen t s  J 

by t h e  i n v e r s e  S - l  y i e l d s  

1 

j '  

L e t  s i j  b e  an element  of S-I .  

J.=S A y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n  for J * 

Then e v a l u a t i n g  
1 ' -1 

J j '  

S u b s t i t u t i n g  Equa t ion  (11) i n t o  Equa t ion  ( 7 )  r e s u l t s  i n  t h e  
f i n a l  e x p r e s s i o n  f o r  Fi : 

= A .  3 s j i ,  i # j 
F i J  J r i r j  

( I n  C I N D A ,  SCRPFA c a l l s  t h e  s u b r o u t i n e  SYMINV t o  
i n v e r t  S t h u s  o b t a i n i n g  v a l u e s  for s j i . )  
t h e r e f o r e  m u l t i p l y i n g  through E q .  ( 1 2 )  by  Ai shows t h a t  

Note t h a t  s i j=  s j i ,  

Ai FiJ = A j  F i. 
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Eq. ( 1 2 )  i s  p e r f e c t l y  g e n e r a l  s i n c e  i and j are 
n o t  s p e c i f i e d ,  t h e r e f o r e ,  once S - l  h a s  been  d e t e r m i n e d ,  a l l  

f o r  i # j can be c a l c u l a t e d  s imply  by m u l t i p l y i n g  t h e  Ai Fi.i - A . E . E  
v a r i o u s  e l emen t s  of  S-l by t h e  a p p r o p r i a t e  v a l u e s  o f  *.* 

i j  

f o r  i = j must be  c a l c u l a t e d  s e p a r a t e l y  s i n c e  
Eq. ( 6 )  does n o t  p r o v i d e  any i n f o r m a t i o n  i n  t h i s  c a s e .  I t  
can  be  shown, however, t h a t  F i j  for any i and j e q u a l s  
times t h e  f r a c t i o n a l  p a r t  of t h e  energy  e m i t t e d  by i t h a t  

i r e a c h e s  j .  I n  t h e  s p e c i a l  case where i = j, F i s  E 

times t h e  f r a c t i o n a l  p a r t  of t h e  energy  l e a v i n g  i t h a t  i s  
r e t u r n e d  t o  i ( a  m i r r o r  e f f e c t ) .  T h e r e f o r e  

'i j 

ii 

Qi+i Fii = E 

'Tota1, i  

However , b y  d e f i n i t i o n  

- Qi - - 
'i+i 'Tota1, i  

where Qi i s  t h e  n e t  energy  l e a v i n g  s u r f a c e  i as g i v e n  b y  Eq. 

and 'Tota1, i  
Qi+i, which i s  r e t u r n e d .  I n  a d d i t i o n ,  i s  E i  t i m e s  t h e  
t h e  b l a c k  body e m i s s i v e  power o f  s u r f a c e  i ,  or 

(l), 
i s  t h e  t o t a l  energy e m i t t e d  by s u r f a c e  i ,  i n c l u d i n g  

'Total  = ciEi ( 1 5 )  

Combining Eqs.  (l3), ( 1 4 )  and (15) and remembering t h a t  E, 
I 

h a s  been  a s s i g n e d  t h e  v a l u e  1 y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n  
for Fii : 

* I s h i m o t o ,  T .  and Bevans, J .  T . ,  "Method of  E v a l u a t i n g  
S c r i p t  F f o r  Rad ian t  Exchange w i t h i n  an E n c l o s u r e , "  A I A A  
J o u r n a l ,  Vol. 1, June  1963, pp.  1 4 2 8 - 2 9 .  



’ .  
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S u b s t i t u t i n g  E q .  (11) for i = j r e s u l t s  i n  t h e  v a l u e  for 
Fii c a l c u l a t e d  i n  SCRPFA: 

E E  i i Ai 
( 7 s  - 1) - - -  

ii i Fi i ( 1 7 )  

It  s h o u l d  b e  n o t e d  t ha t  i n  g e n e r a l  Fii i s  n o t  z e r o  as might  
b e  f a l s e l y  concluded  by examining E q .  ( 6 ) .  

GMY 1 0  2 2-BWL-mef B.  W .  Lab 
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